Abstract: Functional systems arise in the treatment of systems of partial differential equations, delay-differential equations, multidimensional equations, etc. The problem of reducing a linear functional system to a system containing fewer equations and unknowns was first studied by Serre. Finding an equivalent presentation of a linear functional system containing fewer equations and fewer unknowns can generally simplify both the study of the structural properties of the linear functional system and of different numerical analysis issues, and it can sometimes help in solving the linear functional system. In this paper, Fuhrmann's equivalence is used to present a constructive result on the reduction of under-determined linear functional systems to a single equation involving a single unknown. This equivalence transformation has been studied by a number of authors and has been shown to play an important role in the theory of linear functional systems.
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Introduction
olynomial matrices play an important role in the theory of linear systems described by ordinary differential equations (see for example Rosembrock [1] and Kailath [2] ). In this case, the polynomial matrices involve a single indeterminate with coefficients in the field of real or complex numbers. The study of linear systems of ordinary differential equations is thus reduced to the study of matrices over the ring [] s or [] s . These rings have the Euclidean division property which makes it possible to establish canonical forms such as the Smith normal form. In fact, the polynomial theory of such systems can be regarded as more or less complete. In the case of linear functional systems, arising for example from partial differential equations or delay-differential equations, the resulting system matrices involve polynomials in more than one indeterminate. Since multivariate polynomial rings do not have the Euclidean division property, it is no longer possible to extend most of the results obtained for the single indeterminate case. Throughout this paper unless specified otherwise, [ ] denotes the polynomial ring in the indeterminates with coefficients in an arbitrary but fixed field K. First we present a few definitions that will be needed later in the paper. 
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where r is the normal rank of T , 0 =1  and i  is the greatest common divisor of all the ii  minors of . T
As in the single variable case, the zero structure of a multivariate polynomial matrix is a crucial indicator of its properties. However, unlike the single variable case, the zero structure of a multivariate polynomial matrix is not completely captured by the invariant polynomials but by the invariant zeros as defined by the following. 
TS has left-inverse in D .
One of standard tasks carried out in systems theory is to transform a given system representation into a simpler form. An equivalence transformation used in the context of multidimensional systems is Fuhrmann's equivalence [6] and is defined by the following. 
where 11 , TS are ZLC and 22 , TS are ZRC.
In the case when 1 T and 2 T have the same size and 1 S and 2 S are square, the transformation in (2) reduces to the classical unimodular equivalence. F-E has been studied by a number of authors. For instance, Pugh et al. [7, 8] have shown that it exhibits fundamental algebraic properties amongst its invariants. In particular, they have shown that it preserves the invariant polynomials as well as the the invariant ideals. = 1 or = 1 in case < or < .
The problem of reducing a linear functional system to a system containing fewer equations and unknowns was first studied by Serre [9] . Such a process is based on the application of the well known Quillen-Suslin Theorem. 
Reduction using Fuhrmann's Equivalence
The reduction of a multivariate polynomial matrix in the context of multidimensional systems theory was first studied by Frost and Boudellioua [12] . They obtained necessary and sufficient conditions under which a square multivariate polynomial matrix is unimodular equivalent to a simpler form. This corresponds to the reduction of a determined linear functional system into a single equation in one unknown function. Boudellioua and Quadrat [13] generalized this result to underdetermined systems using a module theoretic approach. Their result gives necessary and sufficient conditions for the reduction of a linear system to a system containing a single equation with several unknown functions. Boudellioua [14] generalized the earlier result to under-determined systems thereby giving necessary and sufficient conditions for the unimodular equivalence of an under-determined linear system to one containing a single equation involving only one unknown function. The results mentioned so far are based mainly on unimodular equivalence. This transformation has the disadvantage of establishing a connection between matrices and hence systems which have the same size. Boudellioua [15] used Fuhrmann's equivalence to reduce a class of determined linear functional systems to a system containing a single equation in one unknown. In this paper, we extend this latter result to the under-determined case. Before presenting the main result of this paper, we first state the following result which is a statement of the positive answer of the Lin-Bose conjecture [16] . This theorem which will be used later is given by Fabianska and Quadrat [17] . (8) 
Conclusion
We have presented a constructive result for the simplification of a class of linear functional systems. More specifically, we have given necessary and sufficient conditions under which a rectangular multivariate polynomial matrix can be reduced by Fuhrmann's equivalence to a form that corresponds to the reduction of a linear functional system to a single equation with only one unknown function. The result can be easily implemented on a computer algebra system such as Maple using the OreModules package (see Chyzak et al. [20] ).
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